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Abstract
The solution of the wave equation in the envelope approximation with temporal corrections
for a laser pulse propagating in a medium where the Kerr effect, field ionization, and associated
absorption take place, is obtained through a first-order perturbative approach. The closed-form
expressions so obtained clarify the influence of the various terms of the equation on the laser
amplitude and on the frequency generation as a function of the retarded time. Furthermore, they
allow extracting scaling parameters which size the nonlinear effects. The results are illustrated
quantitatively on the case of a femtosecond pulse focused in air with typical parameters.
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I. INTRODUCTION
The propagation of intense short laser pulses in optically transparent media involves sev-
eral linear and nonlinear effects which modulate the pulses amplitude and phase. Identifying
these effects and their influence on the laser pulse characteristics is of great inteterst due to
the real or potential use of such laser pulses in various fields of science and technology such as
communications [1], medicine [2], material science [3], sensors [4], high-harmonic generation
[5], X-ray production [6], etc. In the past decades, this topic has also brought much attention
from a theoretical point of view [7–10]. While the numerical approach is the only universal
means to deal with fully developed nonlinear effects, it provides only case-by-case solutions
and it requires numerical schemes whose accuracy must be carefully controlled. It is often
possible, however, to derive closed-form solutions of nonlinear problems in the perturbative
regime, that is when the nonlinear effects are not fully developed. Such analytical solutions,
besides providing quick answers and reference points for numerical calculations, though in
restricted conditions, allow a better understanding of the specific influence of the various
terms and effects included in the basic nonlinear equations. In addition, they can provide
dimensionless scaling parameters which help to evaluate the magnitude of the nonlinear ef-
fects. In this work, we present such closed-form expressions for the problem of interest in
the perturbative regime and we illustrate them on the particular case of a femtosecond laser
pulse focused in ambient air.
II. MODEL EQUATION
The basic equation for the field amplitude in the envelope approximation has been com-
prehensively discussed by Berge´ et al. [8]. A simplified form of this equation reads [11]:
i∂zA+
1
2k0
T−1∇2⊥A−
1
2
k′′∂2τA+ k0n2T
(|A|2A)− k0
2n20ρc
T−1 (ρA)
+ i
β
2
|A|2K−2A+ iσ
2
ρA = 0 (1)
where z is the propagation axis coordinate, τ = t−z/vg is the retarded time with vg the group
velocity, T = 1 + i
ωc
∂τ , with ωc the central frequency, and ρ(τ) = αKρm
∫ τ
−∞ |A|2Kdτ ′ is the
electron density generated by the laser pulse propagating in a medium where ρ = 0 initially,
ρm is the particle density of the propagation medium, here considered to be much larger
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than ρ. The field amplitude A(r, τ) is normalized such that |A|2 is the intensity (irradiance)
in Wm−2. In order to allow analytical treatment, we approximate the ionization rate by a
function of the form W = αK |A|2K around some value of laser intensity |A˜|2, where αK and
K are fitted to W (|A|2) around |A˜|2. For Keldysh parameters γK > 1, K is the number
of photons Np required to overcome the ionization potential, otherwise K is a real number
such that K < Np. This approximation overestimates the ionization rate for |A|2 higher or
lower than |A˜|2 since K is a decreasing function of |A|2 [12].
In Eq. (1), the meaning of the terms following the first one are: diffraction, disper-
sion, Kerr effect, field ionization, absorption due to field ionization, and collisional (inverse
bremsstrahlung) absorption by free electrons, respectively. The constants have their usual
meaning: k0 is the wave number in vacuum, n0 and n2 are the linear and nonlinear indices
of refraction, respectively, ρc is the plasma critical density, k
′′ is the dispersion coefficient
and σ = e2νe/(meε0ω
2
c ) in the limit νe/ωc  1 (with e the electron charge, me the electron
rest mass, and ε0 the vacuum permittivity) is the collisional absorption cross section, which
depends on the electron collision frequency νe. The operator ∇2⊥ is the Laplacian in the
transverse direction.
To keep the problem tractable analytically, we make the following simplifications. First,
as dispersion introduces considerable complications in the perturbative solution, it will not
be considered. In fact, dispersion can be neglected in weakly dispersive media such as gases
for sufficiently short propagation distances, as exemplified in Section V. Second, we consider
only the first order Taylor expansion T−1 ≈ 1 − i
ωc
∂τ . Third, in order to decouple the
transverse coordinates from z and τ , we assume that the beam behaves as follows close to
the radial position r = 0 [13],
A(z, r, τ) = A(z, τ)
[
1−
(
1
w2(z)
− ik0
2
∂z ln(w(z))
)
r2 +O(r4)
]
(2)
We assume that the beam waist w(z) is a known function and we consider only the position
r = 0, so that the problem becomes one-dimensional in the axial coordinate z. Several
simple approaches can be used to estimate w(z) [7]. Consistently with this approximation,
we neglect the non-paraxial correction −iω−1c ∂τ∇2⊥ (space-time focusing) in Eq. (1). One
notes, however, that in the special case where w(z) is constant, the latter correction can be
get rid of simply by redefining the retarded time as τ ← τ − 2z
k0ωcw2
.
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With these simplifications, substituting Eq. (2) in Eq. (1) gives:
i∂zA−
(
2
k0w2
− i∂z ln(w)
)
A+ λ|A|2A− ηIKA+ iγ∂τ
(|A|2A)+ iδ∂τ (IKA)
+ i
β
2
|A|2K−2A+ iIKA = 0 (3)
where
IK(z, τ) =
∫ τ
−∞
|A(z, τ ′)|2Kdτ ′ (4)
and
λ = n2k0, η =
k0αKρm
2n20ρc
, γ =
2n2
c
, δ =
αKρm
2cn20ρc
,  =
1
2
σαKρm (5)
We also use the estimate β = αKρmUI , where UI is the ionization potential.
III. ENERGY BALANCE
From Eq. (3), it is straightforward to show that
∂z
(
w2(z)I1(z,∞)
)
= −w2(z)
(
δIK+1(z,∞) + βIK(z,∞) + 
∫ ∞
−∞
ρ|A|2dτ
)
(6)
where w2(z)I1(z,∞) is proportional to the pulse energy at the position z. Equation (6)
indicates that the δ term of Eq. (3) induces an energy leak. The relative importance of
the first two terms on the right hand side can be estimated by using the Gaussian form
|A| = A0 exp(−τ 2/T 2), where T is the pulse duration. Using the above definitions, one
obtains:
δIK+1(z,∞)
βIK(z,∞) =
Φ¯p
UI
(
1 +
1
K
)−1/2
(7)
where Φ¯p is the ponderomotive potential averaged over a laser cycle. The δ term is thus
related to the oscillation energy of the free electrons in the laser field and this explains the
energy leak induced by this term. For K > 1, the energy leak due to the δ term becomes
comparable to that of the β term when Φ¯p ≈ UI . For the typical value UI ≈ 10 eV, this
happens for the common parameters A20 ≈ 1018 Wm−2 and λc ≈ 1 µm, where λc is the
central wavelength.
It is worth noting that an alternative model to Eq. (1), involving the substitution(
1 +
i
ωc
∂τ
)(
1− νe
ωc
)
ρA← T−1(ρA) (8)
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has also been used [14, 15]. With the latter substitution, Eq. (6), without the  term now
somehow included in the left hand side of (8), becomes
∂z
(
w2(z)I1(z,∞)
)
= −w2(z)
(
−δIK+1(z,∞) + 2δνe
∫ ∞
−∞
|A|2IKdτ
+
2δνe
ωc
∫ ∞
−∞
|A|2K+2∂τθdτ + βIK(z,∞)
) (9)
The first term on the right hand side has a sign opposite to that in Eq. (6), implying that
the δ term is now a source of energy. In that model, this source term can, however, be
compensated by the negative second term for an appropriate choice of νe. The third term
has an undetermined sign due to the ∂τθ, as discussed below.
IV. PERTURBATIVE SOLUTION
To obtain a perturbative solution of the wave equation (3) we set
A(z, τ) = ψ(z, τ)eiθ(z,τ) (10)
where ψ and θ are real functions. Substituting Eq. (10) in Eq. (3) one obtains
∂zθ +
2
k0w2
− λψ2 + ηIK + γψ2∂τθ + δIK∂τθ = 0 (11)
∂zψ + ∂z ln(w)ψ + 3γψ
2∂τψ + δ
(
ψ2K+1 + IK∂τψ
)
+
β
2
ψ2K−1 + Ikψ = 0 (12)
for the real and imaginary parts, respectively. Neglecting dispersion allowed decoupling ψ
from θ in Eq. (12). Note that dispersion was taken into account by Tzoar and Jain in
their perturbative treatment of the propagation of laser pulses in optical fibres, but when
retaining only the additionnal γ term [16].
We seek a perturbative solution for ψ by substituting the first order series expansion
ψ = ψ0 + γψγ + δψδ + βψβ + ψ (13)
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in Eq. (12). The resulting equation holds for arbitrary values of γ, δ, β and  provided
ψ0(z, τ) =
w0
w(z)
F (τ) (14)
ψγ(z, τ) = − w0
w(z)
φ1(z0, z)∂τF
3(τ) (15)
ψδ(z, τ) = − w0
w(z)
φK(z0, z)
(
F 2K+1(τ) + ∂τF (τ)ξK(τ)
)
(16)
ψβ(z, τ) = −1
2
w0
w(z)
φK−1(z0, z)F 2K−1(τ) (17)
ψ(z, τ) = − w0
w(z)
φK(z0, z)F (τ)ξK(τ) (18)
In these expressions, w0 = min(w(z)) within the range of z considered, and
φN(z0, z) =
∫ z
z0
(
w0
w(z′)
)2N
dz′, ξN(τ) =
∫ τ
−∞
F 2N(τ ′)dτ ′ (19)
where z0 is the coordinate z where the initial condition is defined.
Assuming that the zero order temporal pulse shape is the Gaussian function
F (τ) = A0e
−τ2/T 2 (20)
one finds the simple closed-form expression for the pulse amplitude
ψ(z, τ) = A0
w0
w(z)
e−τ
2/T 2
{
1 +
6γA20
T
φ1(z0, z)
τ
T
e−2τ
2/T 2
−δA2K0 φK(z0, z)
[
e−2Kτ
2/T 2 −
√
pi
2K
τ
T
(
1 + erf
(√
2K
τ
T
))]
−β
2
A2K−20 φK−1(z0, z)e
−(2K−2)τ2/T 2
−A2K0 φK(z0, z)
√
pi
8K
T
(
1 + erf
(√
2K
τ
T
))}
(21)
In the particular case where w(z) = w0, and only the γ term is retained, Anderson and
Lisak found that the exact solution of Eq. (12) for the zero order temporal profile, Eq. (20),
is the solution of the algebraic equation [17]:
ψ = A0 exp
(
− (τ − 3γ(z − z0)ψ2)2 /T 2) (22)
The solution of Eq. (22) has a maximum of ψ = A0 at τ = µT , where µ = 3γ(z − z0)A20/T
is the scaling parameter, but tends to ψ0 for small values of ψ. It thus becomes very steep
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past the maximum when µ is on the order of 1 or greater [17]. The series expansion of the
solution of Eq. (22) up to the order µ2 is:
ψ = A0e
−τ2/T 2
[
1 + 2µ
τ
T
e−2τ
2/T 2 − µ2
(
1− 10 τ
2
T 2
)
e−4τ
2/T 2 +O
(
µ3
)]
(23)
Consistently with the exact solution, the first order term in µ in Eq. (23), which coincides
with that of Eq. (21), shifts the peak to the back of the pulse (τ > 0). The µ2 correction
lowers the amplitude around τ = 0 and shifts the peak somewhat further to the back.
From Eq. (21), one can identify the following dimensionless scaling parameters for the
four perturbation terms
3γA20φ1(z0, z)/T, δA
2K
0 φK(z0, z), βA
2K−2
0 φK−1(z0, z)/2, A
2K
0 TφK(z0, z)
√
pi/2K (24)
The time dependence of the five terms of Eq. (21) are illustrated in Fig. 1 for K = 5
with the scaling parameters (24) set equal to 1. As expected, the β term (absorption due to
optical field ionization) induces a symmetric depletion at the initial peak of the pulse where
the ionization rate is maximum. The γ term (Kerr effect) discussed above produces an anti-
symmetric contribution consistently with its general energy conserving property (although
this property holds only to the first order in γ in the current level of approximation). The
 term (collisional absorption) produces an off-centred asymmetric depletion as this effect
is most efficient near the peak of the pulse and where the electron density is highest. More
interestingly, the δ term (time derivative of optical field ionization) brings an asymmetric
contribution, with a sharp depletion at τ = 0, and a shift of the peak toward the back of
the pulse. With reference to the discussion of Section III, this asymmetric shape can be
interpreted as an absorption of the pulse energy by the free electrons at the front and the
center of the pulse, and a partial restitution of the electron energy at the back of the pulse
as the amplitude decreases. In general, one thus expects a shift of the peak toward the back
of the pulse and a steepening effect due to both the γ and the δ terms. This effect is however
hindered by the  term, which tends to deplete the amplitude at the back of the pulse.
The phase θ(z, τ) is obtained by substituting the first order series expansions
θ = θ0 + γθγ + δθδ + βθβ + θ (25)
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Figure 1. Time dependence of the terms contributing to the perturbative solution Eq. (21) for
K = 5.
.
and (13) in Eq. (11). One obtains
θ0(z, τ) = − 2
k0w20
φ1(z0, z) + λφ1(z0, z)F
2(τ)− ηφK(z0, z)ξK(τ) (26)
θγ(z, τ) = −2λΦ1,1(z0, z)∂τF 4(τ) + η
(
6K
2K + 2
ΦK,1(z0, z) + Φ1,K(z0, z)
)
F 2K+2(τ) (27)
θδ(z, τ) = −2λΦ1,K(z0, z)F 2K+2(τ)− λ(Φ1,K(z0, z) + ΦK,1(z0, z))∂τF 2(τ)ξK(τ)
+ η(2K − 1)ΦK,K(z0, z)ξ2K(τ) + 2ηΦK,K(z0, z)F 2K(τ)ξK(τ) (28)
θβ(z, τ) = −λΦ1,K−1(z0, z)F 2K(τ) + ηKΦK,K−1(z0, z)ξ2K−1(τ) (29)
θ(z, τ) = −2λΦ1,K(z0, z)F 2(τ)ξK(τ) + 2ηKΦK,K(z0, z)
∫ τ
−∞
F 2K(τ ′)ξK(τ ′)dτ ′ (30)
where
Φi,j(z0, z) =
∫ z
z0
(
w0
w(z′)
)2i
φj(z
′)dz′ (31)
The full expression of θ(z, τ) using Eq. (20) is quite lengthy and will not be developed
here for that reason. One notes that the first term of θ0(z, τ) is the Gouy phase for the
selected waist function w(z).
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More interesting than the phase itself is the instantaneous frequency shift ∆ω(z, τ) =
ω(z, τ) − ωc = −∂τθ(z, τ) where ω(z, τ) is the frequency generated by the nonlinear effects
[18]. For the time profile (20), one finds for the component corresponding to θ0,
∆ω0 =
4λA20
T
φ1(z0, z)
τ
T
e−2τ
2/T 2 + ηA2K0 φK(z0, z)e
−2Kτ2/T 2 (32)
In this expression, the first term produces a red shift at the front of the pulse due to the
increase of the Kerr component of the index of refraction nKerr = n0 + n2|A|2 and a blue
shift at the back due to the subsequent decrease of nKerr, resulting in the well-known linear
chirp around τ = 0. The second term brings a narrower blue shift contribution around the
center of the pulse due to the generated electrons, which decrease the index of refraction as
nelec ≈ 1 − ρ/2ρc. The effect of the remaining components of ∆ω will be illustrated in the
following example.
V. EXAMPLE: LASER PULSE FOCUSED IN AIR
As an example, we consider a short laser pulse, with a duration T = 50 fs (or a full width
at half maximum of the intensity of T
√
2 ln 2 = 59 fs) and a central wavelength λc = 800
nm, focused in ambient air, where the molecule density is ρm = 2.7 × 1025 m−3, with 20%
O2, and n0 = 1. The waist will be assumed of the form w(z) = w0
(
1 +
(
z/zeffR
)2)1/2
,
where w0 = 50 µm, and z
eff
R is the effective Rayleigh length. We consider A
2
0 ≤ 1.4 × 1018
Wm−2 so that the peak intensity ψ2 at focus z = 0 is lower than that.
For these parameters, the energy of a Gaussian pulse is E0 . 0.34 mJ, and its power
P0 ≈ A20 pi2w20 . 5.5 GW is below the critical power for self focusing Pcr ≈ λ2/2pin2 ≈ 12.7
GW, where we used n2 = 0.8×10−23 m2 W−1 [19]. We estimate the importance of dispersion
from the relative time broadening ∆T/T ∼ 2 (k′′z/T 2)2 of the pulse. Using k′′ = 2× 10−29
s2 m−1 for ambient air [7], one finds that, for the propagation distance z = 1 m, ∆T/T is on
the order of 10−4, which is negligible as assumed above. Ionization of O2 is more effective
than that of N2 since their ionization potentials UI are 12.1 eV and 15.6 eV, respectively.
The Keldysh parameter γK = ωA0
√
UI/cε0 ≈ 10−4 indicates that ionization is in the tunnel
regime. The coefficients K and αK of the ionization rate, fitted as W = αK |ψ|2K for O2,
can be estimated from the PPT model as K ≈ 5 and αK ≈ 5× 10−79 m10 W−5 s−1 around
ψ2 = 1018 Wm−2 [12] producing an ionization rate W ≈ 5×1011 s−1 and an electron density
9
near the peak of the pulse ρpeak ≈ 4 × 1022 m−3, which is much smaller than the critical
plasma density ρc = 1.7 × 1027 m−3. Considering few eV electrons and an electron-neutral
geometrical cross section of ∼ 10−19 m2, one obtains the ratio νe/ωc ∼ 10−3. Therefore,
σ ≈ 4.5× 10−24 m2.
We estimate the effective Rayleigh length as zeffR ≈ (w0/∂2zw|w=w0)1/2, where [12]
∂2zw|w=w0 ≈
4
k2w30
(
1− P0
Pcr
)
+
2K
(K + 1)2w0
ρpeak
ρcr
(33)
Using the above parameters, one finds for ψ2 = 1018 Wm−2, zeffR ≈ 1 cm, which is nearly
the same value as the Rayleigh lenght in vacuum zR = kw
2
0/2 = 0.98 cm, which is the
value used in the following. This result can be understood as a near cancellation of Kerr
self-focusing and plasma defocusing since their scalelengths are 1/k0n2A
2
0 ≈ 1.3 cm and
2ρc/k0ρpeak ≈ 1.1 cm, respectively [7].
We assume that, well before the focus (z0  −zR), A(z0, τ) = ψ0(z0, τ), where ψ0 is given
by Eqs. (14) and (20), and we are interested in the field envelope A(z, τ) well past the focus
(z  zR). All the nonlinear effects take place around the focus where the intensity ψ2 is
maximum.
For the selected function w(z), the integrals φi and Φi,j evaluated between −∞ and ∞
can be calculated exactly. They are on the order of zR and z
2
R, respectively. Using the
above parameters, one finds that the dimensionless scaling parameters identified in Eq. (24)
are, forA20 = 1.2 × 1018 Wm−2: 3γA20φ1/T = 0.118, δA100 φ5 = 0.054, βA80φ4/2 = 0.052, and
A100 φ5
√
pi/10 = 0.018. Since all these parameters (and in particular the sum of the δ and β
parameters) are much smaller than 1, the laser pulse can be considered in the perturbative
regime. For A20 = 1.4× 1018 Wm−2: 3γA20φ1/T = 0.138, δA100 φ5 = 0.117, βA80φ4/2 = 0.097,
and A100 φ5
√
pi/10 = 0.038. In that case the scaling parameters are larger and might depart
from the perturbative regime.
The shape of the pulse intensity ψ2 normalized as
(
w(z)
w0
ψ
A0
)2
is illustrated in Fig. 2 for
the zeroth order ψ = ψ0 (z  −zR) and for the full perturbative solution at z  zR for
A20 = 1.2×1018 Wm−2 and 1.4×1018 Wm−2. It is worth stressing that the results depend on
w(z) only through the integrals φi and Φi,j evaluated between −∞ and∞. According to Fig.
1 and to the scaling parameters evaluated above, the γ, δ, β, and  terms have comparable
magnitudes but act at different times. Consistently with Fig. 1, the perturbative solution,
as compared to the zeroth order, is depleted at the front and at the centre of the pulse due
10
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Figure 2. Normalized pulse intensity of the zeroth order (z  −zR) and of the full perturbative
solution at z  zR.
.
to electron generation and their energy absorption, and enhanced at the back mostly due to
the Kerr effect (γ term). As A20 is increased, the shoulder around τ = 0 becomes more and
more pronounced and, for A20 & 1.4× 1018 Wm−2, forms a hole in the intensity profile. The
intensity profiles obtained share much resemblance with those of the numerically calculated
light bullets propagating in dielectric materials [15, 20], where the Kerr effect is however
much larger than in air. In the present case, the normalized pulse shape stops changing due
to the divergence of the laser pulse past the focus.
The relative frequency shift ∆ω/ωc is shown in Fig. 3 as well as the zeroth order solution
∆ω0/ωc, given by Eq. (32), for z  zR. For A20 = 1.2×1018 Wm−2 the full frequency shift is
clearly dominated by the zeroth order contribution for all values of τ . The perturbative terms
δ, β, and  flatten the frequency shift around τ = 0. When A20 & 1.4× 1018 Wm−2, ∆ω/ωc
shows complicated oscillations due to the sharp negative contributions of the perturbative
terms near τ = 0. The total frequency shift is nevertheless always dominated by the λ term
(Kerr effect) in ∆ω0 at the front (red shift) and at the back (blue shift) of the pulse due to the
large broadeness of F 2(τ). Note that, for A20 = 1.2× 1018 Wm−2, the dimensionless scaling
parameters of the zeroth order phase component θ0 are λA
2
0 φ1 = 2.33 and ηA
10
0 φ5T
√
pi/10 =
11
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Figure 3. Relative instantaneous frequency shift ∆ω/ωc and the zeroth order contribution at
z  zR.
3.56, and thus cannot be considered as perturbative components.
Finally, we calculate the intensity spectrum of the pulse, here normalized as
I˜(z, ω) =
1
piA20
(
w(z)
w0
)2 ∣∣∣∣∫ ∞−∞A(z, τ)eiωτdτ
∣∣∣∣2 (34)
since it is a directly measurable quantity. Figure 4 shows the intensity spectra as a function
of wavelength for z  zR as well as the zeroth order spectrum (z  −zR). The full
perturbative spectra are strongly broadened and depleted as compared to the zeroth order
spectrum. Consistently with the discussion around Fig. 3, the spectrum for A20 = 1.2× 1018
Wm−2 undergoes mostly a blue shift and a lower peak appears on the red side. The peak
shift obtained is −10 nm from the initial value λc = 800 nm. One notes that a similar double-
humped spectrum for a tightly focused laser pulse in nitrogen was recently measured in a
regime which is however not clearly perturbative [21]. When A20 is increased, the two peaks
become more and more comparable in height and the shorter wavelength peak broadens and
shifts further to the blue side.
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order spectrum (z  zR).
VI. SUMMARY
We have employed a perturbative approach to derive closed-form expressions for the
solution of the wave equation discussed by Berge´ et al. [8], describing the envelope amplitude
and phase of a laser pulse propagating in optically transparent media. The the waist w(z)
of the laser pulse was assumed to be known so that the problem becomes one-dimensional in
the axial coordinate z. The perturbative approach employed in this work allowed to display
the contribution of the various terms of the basic model equation to the temporal shape of
the pulse in the limit where the nonlinear effects are modest. The most interesting term
is likely ∂τ (ρA) in Eq. (3) (the δ term), associated with field ionization, which was shown
to produce a depletion of the initial peak amplitude and its displacement toward the back
of the pulse. This term was also shown to produce an overall energy transfer toward the
free electrons oscillating in the laser field. Moreover, dimensionless parameters enabling to
size the nonlinear effects have been extracted from the perturbative solution. The solution
obtained was illustrated on the specific example of a short laser pulse focused in air using
common laser parameters. Experiments prepared in appropriate perturbative conditions
could be performed to verify some conclusions of this work.
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